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Abstract . Since control barrier function could balance control objectives and safety effectively, it has be-
come one of the hotspots of study. Firstly, the construction methods and theoretical achievements of one
relative order and high relative order control barrier functions were introduced based on the complexity of
nonlinear control systems. By using various control barrier functions, safety constraints could be trans-
formed into set forward invariance to ensure the safety control of the system. Secondly, the safety control
of nonlinear systems based on control barrier functions was summarized from the perspective of solving op-
timization problems with different control objectives. Finally, based on the advantages of the control bar-
rier function method, such as scalability, strong real-time performance and strong robustness, the appli-
cation prospect of the control barrier function method in the field of nonlinear system safe control was ex-
plored.
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BT CBF W2 2l Bt S o, JF faf A4S 1
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MIXAT 52 LT R R AR, 4343 &R 9
BOOESHOAE ARSI A D C R RRITRE
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% =f(x) +g(x)u, (D)
Hrb.x e DAHRGRE; u e UREA; f:D >R
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e e
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LR EARE CBF AIEH . BEE CBF ik
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RGBT R Rt X T ) 22 el 4R
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RGBT ] L 2 B A 2 s il 45 s b ARy
WEP 003K, N R AT CBF &4
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HoCBF
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w1 CBF (AP Hcad 70 ] @ik .
2.2 WEEEREIELMEEGRSEH CBF

H A, K 22 B0k 32 B 5 A9 S 1 1 B R AR
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AR 5 AR AT DA E i bR AT ST bk i — 2
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% I A R LR AR R 5

i =f(t,x) +g(t,x)u, (11)

Hir.x e D ARGERE; /R, xD—>R"Fl g:R; x
D — R" JJF¥P Lipschitz ZEZERE; u € U MEI A,

B y WS AR SR A (t,x) Ry X D —
R, 5 SCRRE R (1,0) X fINIEIEZESHON Lh(1,x) =
“;:;’" S LR(e), P RS, Xa
ZCBF £ )~ 4 B} 48 HoCBF, ¥ & 7 ik 5 48 B A
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MRS TR MRS E AR
HoCBF h(t,x) /2
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(12)

ol g(e,x) = [h(e,x) o L7 h(e,2) 1T KR
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sT ey’ e o BORKL R Z A Y

WA -A,i=1,-,y,
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dB,_(t,x)
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% B,(0) =0,i=0,-,y — 1, WAEE—/ Lipschitz
g A (12) R A o TRXHMERE e =0,
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TR FMERT 5 276 R G B AT m 5 & PE RS R
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BORAELAG T TR, Han STk [ 20 ] &1 6F B A B AR I
HRGREA LA EN WAL ERS, B H
F 3 R A s o A A T S s Bl B A S 4R
TP IE N B CBF TR

EFxf—RHA KA AT IEL MR E,A
FH P00 2 2 0 B AL AR T
— UL 2% 5 CBF MHZE G M2 e HIHELR , 51X
SR TR e U D7 B A T % 07 ik AT L dE 2 Al
THR I B HE 079 B TR s e,
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B X B S $RAE I 2R 48 19 52 A 1 RO W 0 1, 48
TAELARATHG B0 A9 RS EL  JE T CBF A9 2% °F 2 1l
BRWH & T ARZ K, HATSCHE[ 25 ] A CBF
HEAT B A2 2] RS RN 1 R G 4R AL T AR
2 A be . SCHR[ 26 K DUt 2 2] Jr ik 55 CBF
4558 MR ER G LA,

BT 28 GEAR A R I 4 = A o0 A R )
O, SCHRL 27 | MH R G v A5 B4 T —Fh Al it
2= AL LN 4% 5 CBF AHES & Ry 2 a4 il AE SR, H
SR FH BREIGE AL T5 5 Ak IR 25 A TR 22 5 A AN B 2
PEo R B, 2 R B DL e R gE Bl AR 2, X
k[ 281 70 il 1 ) B 0 58 B R Gefs BB A A58
BAGREFRMAM R, 20 TR THILRSEN
ZCBF #1 8] ¢ CBF ( reciprocal-type control barrier
function, RCBF)

3 EFCBFHIELERGZEITH

S ARAE P B AR R P ) R B 2 4 iR o
ZNHIT CBF W& il 45 BT ik,
3.1 EFHE4 CBF TR MXIHESL

BT LA E RS 4 AT, CBF AR O —F R B
A 1EE R A92E Lyapunov pRE, 76 FH A 5% F0 ME o 4
FT b AT DLAE e g i Lyapunov l%lij[(control Lyapunov
function, CLF) B9+ 15 M F B, e Ab il 2 X 26 (& A5
AP RO BEAT PRACER & & — D AR R R ]
DL A0 A J7 ¥ BRI A 4 1 45

YT CBF AR Tl A w 205 5509, I
FFH — W EL R ( quadratic programming, QP ) 7] LR R
ey A0y

w =lim [ u=u, | (CBF-QP),
sito Lh(x) + Lh(x)u =-a(h(x)),

Hos w,, B8 02 AR G RERE IR T %2
2y LA T 1) 4E 55 1 S AU AA R A b A 38 B
RYGAHE S, CBF-QP 1 8 AR 52 I 7 2 M i 1
CBF A0 &M /MU IE u,,, (51538 CBF 4 14 i
W R o BB B RIERGEZ L,
3.2 EFE4 CBF REEHIH

FSCUHE T ST A CBF 23R 4 4R 1) CBF-QP
HEZR, ERh T M R A B ny 2 b R %
FIAZ A~ CBF A fig 58 % i 2 W Jir 4 19 22 4 20 0
FERX ARG AL, SCHR[ 17 | ARG 24> CBF 42 1 1 3005
CBF HYMEE, RIAH RIKs 86 S /9 CBF 4 & ik — 20
BRI CBF-QP [RJEAY fif A7 i . [, 25 24> CBF
ETER —A> CBF-QP i, 7T i 2 S 8 QP A1 fift [7]

M, M ZA4 CBF py 4 il 2 Re 2 — DA 20
U i, SCER[ 16 ] $R I T R4k 5 CBF B & X
LT3 b B, AR B K I 224~ CBF i X
1) 4 il AR Y S BAFTE S AR o AR MZ T
AL A5 /N 2 4 AR A B TS T DL G CBF-QP 1Y AT AT
P TR RL R B PRy AT ER R, DLk
N CBF-QP HEZR & BEF 45 8 1 u,, TEIRIE RS
g PERRTAR T, i — 2 S A H AR
3.3 ET CLF # CBF pi & Bzl

FF UL 43 AT, CBF J5 ik HABIRIIE R 48 % 4 i
ANBELRAIE 22 50 (0 W ik A Ve . AR TSR 1 oF-
MREEEERAEREENREZ —, £ T
CLF J5 e - 40— il g A (i1 R Gkt R 1% 1k
FPA i IS & RS CLF 45 F Fl CBF %1,
F 3 CLF-CBF-QP [a] #51, BE ffIF R 48 e s AR E &
Guac 4 %k C A TEAR 2 445 2 5 E X

F— M AE LR PE R S8, CLF Fl CBF & 1F & F1EH
AW A B0, E TS B QP M B R, A T ARIIE
QP [F] R 1) AT b, ARG & A5 — I R K% CLF 5%
PR WAt R & 4, (HRIZ Tk
ANBETRIIE R G RR e M, U HUZ7E CBF A1 H 1
WOE R IEBL R B TR 5t A S Y AR AE 15 B A 4 o A
MR TC 1 AR AIE 2 G i A2 B a5 . oA Tl i
PR FP A O, SCHK [ 18] %) QP [Al & H (1) CLF 2% {4 it
FT 7B SCHR[30] 4081 T CLF-CBF-QP [ {8 45 2
F 5 Tl 2 B DA B R 07 A a5 T BR T A N R
Ji a5 LA A0 B A A DRUEAE 5 i BRI T T AR
3.4 ENBAREHRHNA

Bl 5 H AR A W7 &R BILEE N B REAS T 2 T
o7 FH 9 B Ak )iz, ML AN AR O XAl B e
1 53 25 IA 58 0% T ) AL AL @l W) % 4k, AE LA
ST N7/ B L2 1 07 N B S S 1 ) e N e o [ P
) Bk Bk 22 25 3 1 ORTE

5T CBF &2l ikl N R 1%
BT R i, CBR-QP KE B Y R 7E
PRUE ML B % 4 A B AL BT R R 25 | R
PEEAHRT  SCHR[ 35 ] B SE Tolk HL & A 4 A B
i ISO/TS 15066, % it T AHLAE T 1Y 2 42 15 4E DX
DL AR () CBF 2 3 D)2 i3 PR BE 5 SCHR[ 36 ] £ XTIl
WmANRGHEH Tis 3% CBF,

Bl 5 HLEE N R G A LASE (0 AN BT 34 0, REE Y
A B A8 A kil e 3R s Tl 2 B AR BN K Iz
s AA S 3hie 1 BRI, 45 Z 0L8F N R 58y 58
I A4l A ok 7 HR AR SOk [ 38 ] B % £ 4k
PER Z R REIR RS ) T 28 BB 1k CBF UM & ; 3
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Z B HEIK CBF {RIE T 1EZ Hlds NI T 1% 2k
454 Matrix-Variate 5 7 BRI 22 5] RE S &
AHfEME, SCHR[40-41 14 43 5 X CBF B T15
5B [E] 32 4 ( signal temporal logic, STL) £ 45 B Z Pl
e ARG, JFEF X R E STL AR &5 42 10 7 A W) 1Yy
CBF # gy vk, SCHR[42] 0 THRIEZ Pl AN R 5
AT NI IERR G R T A BRI AU S CBF Y HE
& BT RIDER R R 2 B0 B AR Y 2 ZE L 3
AE YRR TG B8 SCHR [ 43 ] 51 X5 BRAK E — 4 NI Y 43
Aii 2 BERIf () 4 1 T A CBE, RE % Ak R Bk T F
LR 7

4 INEERE

ARSCXTFETF CBF M A1 46 M &R Gt 2 4 s il ik A7
TA T Y R ERAESS B SG, HR R T AT ZCBF
DL KA HHE Al B 19 & B HoCBF 19 #4385 AH 5¢
PEJT; 2 T 45 F CBF By 44 i , CBF J7 3% AT DL AL 34T
AR B AR L M R G K WA . ok, X
JLF CBF W% el r kb 4T 7 845, 24
BT ET A CBF %4/ . 21 CBF %14k} CLF-
CBF Z&1F T I IR ARIMESE , FeJ5 , 4 1 CBF J5
RAENLER AR G N ™ e, BeAh i ik TE
At A SR AT B T 50U I Rz N AN Bl 2
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W E Tk CBF J5 ¥ 4 22 4 20 e Ak oy 4 5 i
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e N Wa SV Uk RS R ot C N S L
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SR T ) B B 5T LA K FE LA N R G N
M. FIE, 3T CBF AR R G L e fl €2
2 7 B R Al 2 A 4 ) AT A AR S A 2 —

B CBF ik &8 2 oe B &% 07 5
ARG R G0 2 4 1 i F 50 e 25 4 e, H A4S
FEAE CBF #4318 X | AL 1k 0] 8 AT fig v 2% | CBF i@ H
FEL 7 46 9 TR ik e 1 T, B 6 3 6 o], 4 DL
fift v JEL S FBIF 9 JR B

1) E%0 CBF ik EARE ARG AELHEE
Ko £V, 1 H B ATE A W45 Fh CBF B84 Hoil
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MEFIPE AL . AN AT E S R e A
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2) HET QP By 45 il HE B2 1 AT A 1 n) R S B
LRI OCH, FEX & QP By AT AT M n] 8 B AR
C AT T — 2 WF 58 TAE SR M 7E 52 bR s il & 42
TEAEAFAE — SE BRI 24 o 2% 14, 481) o ey =T 4 340 B i)
WO RV G XL N R e
CLF 3¢ CBF 2430 & A vp 28, T3 30 QP AN A7 AE ]
7  AEXAE BT, anfal fRAIE QP AT A AR 1H J& — 4~
MERSL, R, N T G QP SRR A n] A7 M), AT b B
E— 20T R 3T 2 HARW QP BB, LI & QP 1Y
A fg b, [RIEE, AT LS4k CBF % 445 4 5 8 2L, 4l
WM R 5 DS E L e RESL
H A% 0 R B, SR kG AR Ak 1] S8 A T AT 1% B

3) HE CBF (4 HS A 57 32 22 1 ) i R A8 JE 4%
PRGN i AR R 2 M R SR A 5T S N R AR D
SEBR L B B TR A A SR e A W R 2 R
B R AR ) BEOR K B B I RS R A
WAL, PR, HE— 25 I R B AR R R S
CBF )7 E0F5¢ B o 5 0 PG 73 SR 32 /Y TR R
M E .,

RS Y

[1] AMES A D, COOGAN S, EGERSTEDT M, et al. Con-
trol barrier functions; theory and applications [ C ] //Pro-
ceedings of the 18th European Control Conference. Pisca-
taway : IEEE Press, 2019. 3420-3431.

(2] BRAS, B, &R, %5 FLXERENZ 2T

S B R BTk [T]. A feeE i, 2023,
49(3) . 567-579.
CHEN J, LYU Z L, HUANG X Y, et al. Safety analysis
and safety-critical control of nonlinear systems: barrier
function approach [ J]. Acta automatica sinica, 2023,
49(3) . 567-579.

[3] XU X R, TABUADA P, GRIZZLE J W, et al. Robust-
ness of control barrier functions for safety critical control
[J]. IFAC-PapersOnLine, 2015, 48(27) : 54-61.

[4] VERGINIS C K. Funnel control for uncertain nonlinear
systems via zeroing control barrier functions[J]. IEEE
control systems letters, 2023, 7. 853-858.

[5] LIC, ZHANG Z J, NESRIN A, et al. Instantaneous lo-
cal control barrier function: an online learning approach
for collision avoidance [ EB/OL]. (2022-01-26) [ 2022-
12-26]. https: //doi. org/10. 48550/ arXiv. 2106. 05341.

[6] SCHILLIGER J, LEW T, RICHARDS S M, et al. Con-

trol barrier functions for cyber-physical systems and appli-



% 6

IHH FATENERIHGTREIRZA TSR LRRE 7

[8]

[9]

[11]

(12]

[13]

[16]

cations to NMPC[ J].
ters, 2021, 6(4) . 8623-8630.
WANG H J, PENG J Z, ZHANG F F, et al. High-order

IEEE robotics and automation let-

control barrier functions-based impedance control of a ro-
botic manipulator with time-varying output constraints
[J]. TSA transactions, 2022, 129. 361-369.

SHAW C W, OETOMO D, MANZIE C, et al. Control
barrier functions for mechanical systems: theory and ap-
plication to robotic grasping [ J]. IEEE transactions on
control systems technology, 2021, 29(2) : 530-545.
XIAO W, BELTA C, CASSANDRAS C G. Adaptive con-
trol barrier functions[ J]. IEEE transactions on automatic
control, 2022, 67(5) . 2267-2281.

RN, R, SER, . AR IERRAT AL T m R
PRGNS L BN — R oA RE )] PE
Bl BB, 2022, 52(10) ; 1853-1869.

ZHU Z R, ZHANG X M, CHAI Y, et al. Non-positive
barrier function: a new notion of barrier function for state-
safety control of nonlinear dynamical systems[ J]. Scien-
tia sinica;informationis, 2022, 52(10) : 1853-1869.
WANG N, FU Z M, SONG S Z, et al. Barrier-Lyapunov-
based adaptive fuzzy finite-time tracking of pure-feedback
nonlinear systems with constraints[ J]. TEEE transactions
on fuzzy systems, 2022, 30(4) . 1139-1148.

NGUYEN Q, SREENATH K. Exponential Control Barrier
Functions for enforcing high relative-degree safety-critical
constraints [ C ] Vi Proceedings of the American Control
Conference. Piscataway;lEEE Press, 2016, 322-328.
TAN X, CORTEZ W S, DIMAROGONAS D V. High-
order barrier functions: robustness, safety, and perform-
ance-critical control[ J]. IEEE transactions on automatic
control, 2022, 67(6) . 3021-3028.

GHANBARPOUR M, ISALY A, SANFELICE R G, et
al. Optimal safety for constrained differential inclusions
using nonsmooth control barrier functions[ J]. TEEE con-
trol systems letters, 2023, 7. 1303-1308.

AHMADI M, SINGLETARY A, BURDICK J W, et al.
Safe policy synthesis in multi-agent POMDPs via discrete-
time barrier functions[ C]//Proceedings of the 58th IEEE
Conference on Decision and Control. Piscataway: IEEE
Press, 2020. 4797-4803.

XU X R. Constrained control of input-output linearizable
systems using control sharing barrier functions[ J]. Auto-
matica, 2018, 87: 195-201.

WANG H J, PENG J Z, XU J J, et al. High-order con-
trol barrier functions-based optimization control for time-
varying nonlinear systems with full-state constraints: a dy-
namic sub-safe set approach[ J]. International journal of

robust and nonlinear control, 2023, 33(8) . 4490-4503.

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[30]

JANKOVIC M. Robust control barrier functions for con-
strained stabilization of nonlinear systems[ J|. Automati-
ca, 2018, 96. 359-367.

KOLATHAYA S, AMES A D. Input-to-state safety with
control barrier functions [ J]. IEEE control systems let-
ters, 2019, 3(1): 108-113.

ZHAO P, MAO Y B, TAO C Y, et al. Adaptive robust
quadratic programs using control Lyapunov and barrier
functions[ C ] //Proceedings of the 59th IEEE Conference
on Decision and Control. Piscataway:lEEE Press, 2021
3353-3358.

ALAN A, MOLNAR T G, DAS E, et al. Disturbance ob-
servers for robust safety-critical control with control barri-
er functions[ J]. IEEE control systems letters, 2023, 7.
1123-1128.

DAS E, MURRAY R M. Robust safe control synthesis
with disturbance observer-based control barrier functions
[C}//Proceedings of the 61st IEEE Conference on Deci-
sion and Control. Piscataway:lEEE Press, 2023, 5566—
5573.

TAYLOR A J, AMES A D. Adaptive safety with control
barrier functions| C ] //Proceedings of the American Con-
trol Conference. Piscataway:IEEE Press, 2020 1399 -
1405.

LOPEZ B T, SLOTINE J J E, HOW ] P. Robust adap-
tive control barrier functions; an adaptive and data-driven
approach to safety [ J]. IEEE control systems letters,
2021, 5(3): 1031-1036.

MARVI Z, KIUMARSI B. Barrier-certified learning-
enabled safe control design for systems operating in uncer-
tain environments|[ J]. TEEE/CAA journal of automatica
sinica, 2021, 9(3) . 437-449.

DHIMAN V, KHOJASTEH M J, FRANCESCHETTI M,
et al. Control barriers in Bayesian learning of system dy-
namics [ J ]. IEEE transactions on automatic control,
2023, 68(1) . 214-229.

WANG Y J, XU X R. Observer-based control barrier
functions for safety critical systems[ C] //Proceedings of
the American Control Conference. Piscataway: IEEE
Press, 2022, 709-714.

CLARK A. Control barrier functions for stochastic sys-
tems[ J]. Automatica, 2021, 130; 109688.

AMES A D, XU X R, GRIZZLE J] W, et al. Control bar-
rier function based quadratic programs for safety critical
systems [ ] |. IEEE transactions on automatic control,
2017, 62(8): 3861-3876.

TAN X, DIMAROGONAS D V. On the undesired equi-

libria induced by control barrier function based quadratic

programs [ EB/OL]. (2021-04-30) [ 2022-11-21]. ht-



8 MK FF R (EF R 5556 45
tps: //doi. org/10. 48550/ arXiv. 2104. 14895. multi-robot formation control based on speed compensation
[31] SPYRAKOS-PAPASTAVRIDIS E, DAI J S. Minimally algorithm[ J]. Journal of Zhengzhou university ( engineer-
model-based trajectory tracking and variable impedance ing science) , 2022, 43(2). 1-6, 14.
control of flexible-joint robots[ J]. TEEE transactions on [38] WANG L, AMES A D, EGERSTEDT M. Safety barrier
industrial electronics, 2021, 68(7) : 6031-6041. certificates for collisions-free multirobot systems [ J ].
[32] XU X R, WATERS T, PICKEM D, et al. Realizing sim- IEEE transactions on robotics, 2017, 33(3) : 661-674.
ultaneous lane keeping and adaptive speed regulation on [39] CHENG R, KHOJASTEH M J, AMES A D, et al. Safe
accessible mobile robot testbeds [ C] //IEEE Conference multi-agent interaction through robust control barrier func-
on Control Technology and Applications. Piscataway: tions with learned uncertainties[ C ] //Proceedings of the
IEEE Press, 2017, 1769-1775. 59th IEEE Conference on Decision and Control. Piscat-
[33] NGUYEN Q, SREENATH K. Safety-critical control for away ;: IEEE Press, 2021 777-783.
dynamical bipedal walking with precise footstep placement [40] LINDEMANN L, DIMAROGONAS D V. Decentralized
[J]. IFAC-PapersOnLine, 2015, 48(27) : 147-154. control barrier functions for coupled multi-agent systems
[34] EGERSTEDT M, PAULI J] N, NOTOMISTA G, et al. under signal temporal logic tasks[ C ] //Proceedings of the
Robot ecology: constraint-based control design for long 18th European Control Conference. Piscataway: IEEE
duration autonomy[ J]. Annual reviews in control, 2018, Press, 2019; 89-94.
46, 1-7. [41] LINDEMANN L, DIMAROGONAS D V. Control barrier
[35] FERRAGUTI F, BERTULETTI M, LANDIC T, et al. A functions for multi-agent systems under conflicting local
control barrier function approach for maximizing perform- signal temporal logic tasks[ J]. IEEE control systems let-
ance while fulfilling to ISO/TS 15066 regulations [ J]. ters, 2019, 3(3): 757-762.
IEEE robotics and automation letters, 2020, 5 (4): [42] LT A Q, WANG L, PIERPAOLI P, et al. Formally cor-
5921-5928. rect composition of coordinated behaviors using control
[36] SINGLETARY A, KOLATHAYA S, AMES A D. Safety- barrier certificates [ C] /IEEE/RS] International Confer-
critical kinematic control of robotic systems [ J]. IEEE ence on Intelligent Robots and Systems. Piscataway:IEEE
control systems letters, 2022, 6. 139-144. Press, 2019 3723-3729.
[37] sk, sK3CmN, Tk, 5T EMER LM 2Nl [43] IBUKI T, WILSON S, YAMAUCHI J, et al. Optimiza-

NG TFIELI]. I K E2ER (T2,
2022, 43(2). 1-6, 14.
ZHANG F F, ZHANG W L, WANG T T. Research on

tion-based distributed flocking control for multiple rigid
bodies[ J]. IEEE robotics and automation letters, 2020,
5(2): 1891-1898.



